Introduction
The TAU parallel configuration is rooted in a series of inventions and was masterminded by Torgny Brogardh [1] [2][3] [4] . The configuration of the robot simulates the shape of "τ " like the name of the Delta after the " ∇ " shape configuration of another parallel robot.
As shown in Fig. 1 , the basic TAU configuration consists of 3 driving axes, 3 arms, 6 linkages, 12 joints and a moving (tool) plate. There are 6 chains connecting the main column to the end-effector in TAU configuration. The TAU robot is a typical 3/2/1 configuration. There are 3 parallel and identical links and another 2 parallel and identical links. Six chains will be used to derive all kinematic equations. Table 1 highlights the features of the TAU configuration. On the subject of D-H modeling, Tasi [5] , Raghavan [6] , Abderrahim and Whittaker[12] have applied the method and studied the limitations of various modeling methods. On the subject of forward kinematics, focus has been on finding closed form solutions based on various robotic configurations, and numerical solutions for difficult configurations of robots. It can be found in the work done by Dhingra [8] , Shi [14] , Didrit [16] , Zhang [17] , Nanua [18] , Sreenivasan [19] , Griffis and Duffy [20] , Lin [21] . On the subject of error analysis, Wang and Masory [7] , Gong [11] , Patel and Ehmann [13] used forward solutions to obtain errors. Jacobian matrix was also used in obtaining errors. On the subject of the variation of parallel configurations, from the work done by Dhingra [9] [ 10], Geng and Haynes [15] , the influence of the configurations on the methods of finding closed form solutions can be found. In this paper, the D-H model is used to define the TAU robot, a complete set of parameters is included in the modeling process. Kinematic modeling and error modeling are established with all errors using Jacobian matrix method for the TAU robot. Meanwhile, a very effective Jacobian Approximation Method is introduced to calculate the forward kinematic problem instead of Newton-Raphson method. It denotes that a closed form solution can be obtained instead of a numerical solution. A full size Jacobian matrix is used in carrying out error analysis, error budget, and model parameter estimation and identification. Simulation results indicate that both Jacobian matrix and Jacobian Approximation Method are correct and have an accuracy of micron meters. ADAMS simulation results are used in verifying the established models. 
Jacobian matrix of TAU robot with all error parameters
In error analysis, error sensitivity is represented by the Jacobian matrix. Derivation of the Jacobian matrix can be carried out after all the D-H models are established. For the TAU robot, the 3-DOF kinematic problem will become a 6-DOF kinematic problem. The kinematic problem becomes more complicated.
In fact, the error sensitivity is formulated through 
In a compact form, it becomes 
From Eq. (7) For a prototype of the TAU robotic design, the dimension of the Jacobian matrix is 6 by 71. An analytical solution can be obtained and is used in our analysis.
Kinematic modeling with all error parameters (application 1 of the Jacobian matrix)

Newton-Raphson numerical method
Because of the number of parameters involved as well as the number of error sources involved, the kinematic problem becomes very complicated. No analytical solution can be obtained but numerical solution. The TAU configuration, as a special case of parallel robots, its forward kinematic problem is, therefore, very complicated. The Newton-Raphson method as an effective numerical method can be applied to calculate the forward problem of the TAU robot, with an accurate Jacobian matrix obtained. Newton-Raphson method is represented by
With the six chain equations obtained before, the following can be obtained This equation is used later to calculate the forward kinematic problem, and it is also compared with the method described in the next section.
Jacobian approximation method
A quick and efficient analytical solution is still necessary even though an accurate result has been obtained by the N-R method. The N-R result is produced based on iteration of numerical calculation, instead of from an analytical closed form solution. The N-R method is too slow in calculation to be used in on-line real time control. No certain solution is guaranteed in the N-R method. So a Jacobian approximation method is needed. The Jacobian approximation method is established. Using this method, error analysis, calibration, compensation, and on-line control model can be established. As the TAU robot is based on a 3-DOF configuration, instead of a general Stewart platform, the Jacobian 
Determination of independent design variables using SVD method (application 2 of Jacobian matrix )
With the reality that all the parts of a robot have manufacturing errors and misalignment errors as well as thermal errors, errors should be considered for any of the components in order to accurately model the accuracy of the robot. Error budget is carried out in the study and error sensitivity of robot kinematics with respect to any of the parameters can be obtained from the error modeling. This is realized through the established Jacobian matrix. To find those parameters in the error model that are linearly dependent and those parameters that are difficult to observe, the Jacobian matrix is analyzed. SVD method (Singular Value Decomposition) is used in such an analysis. A methodical way of determining which parameters are redundant is to investigate the singular vectors. An investigation of the last column of the V vector will reveal that some elements are dominant in order of magnitude. This implies that corresponding columns in the Jacobian matrix are linearly dependent. The work of reducing the number of error parameters must continue until no singularities exist and the condition number has reached an acceptable value. A total of 40 redundant design variables of the 71 design parameters are eliminated by observing the numerical Jacobian matrix obtained. Table 2 in Appendix A lists the remaining calibration parameters.
Error budget and results (application 3 of Jacobian matrix)
When the SVD is completed and a linearly independent set of error model parameters determined, the Error Budget can be determined. The mathematical description of the error budget is as follows: 
Thus if the dX is given as the accuracy of the Tau robot, the error budget dg can be determined. Given the D-H parameters for all three upper arms and the main column, the locations of the joints located at each of the three upper arms are known accurately. The six chain equations are created for the six link lengths, as follows: 
An error model is developed based on the system of equations as described above. A total of 71 parameters are defined to represent the entire system, the 71 parameters include all the D-H parameters for the 3 upper arms, as well as the coordinates (x, y, z) of the 6 points at both ends of the 6 links, respectively. Appendix B (Table 3) presents the error budget.
Simulation results
The Jacobian approximation method is verified by the following two different approaches: (1) 6-DOF forward kinematic analysis (Newton-Raphson method), and (2) ADAMS simulation results. Fig. 4 shows the error between Jacobian approximation method and ADAMS simulation results, and Fig. 5 gives the error between the N-R method and ADAMS simulation results.
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In Fig. 4 , the maximum error is 1.53um with an input error of 1 mm. The Jacobian approximation method has a very high accuracy compared with simulation results. Fig. 4 Error between Jacobian approximation method and ADAMS simulation results (Table 4) gives the comparison between Jacobian Matrix and N-R method.
Conclusions
It can be observed from the results, that Jacobian Matrix is effective with an accuracy up to 1.53 um with an input error of 1 mm (Link 1 of lower arm 1). This was verified using ADAMS simulation results. Results from N-R method match very well with ADAMS simulation with a difference of only 0.06 um. Based on the D-H model and an accurate Jacobian matrix, a series of results have been presented including error analysis, forward kinematic, redundant variable determination, error budget, and Jacobian approximation method. The Jacobian approximation method can be used in on-line control of the robot. For the TAU robot, a closed form solution of a forward kinematic problem is reached with a high accuracy instead of N-R numerical solution. The simulation results are almost perfect compared with that from ADAMS.
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